A theory is presented to reduce 1 + 1 resonance enhanced multiphoton ionization (REMPI) spectra to accurate rovibrational state population distributions. Classical and quantum mechanical treatments are developed to model the polarization dependence of the REMPI signal from an initially aligned ground state having cylindrical symmetry. The theory includes the effects of saturation and intermediate state alignment. It is demonstrated that, for favorable cases, 1 + 1 REMPI allows the determination of the relative population as well as the quadrupole and hexadecapole moments of the alignment for rovibrationallevels of a linear molecule. The classical treatment differs from that of the quantum treatment by less than 5% for rotational quantum numbers greater than J = 4, suggesting that the classical treatment suffices for 1 + 1 REMPI in most molecular systems.
I. INTRODUCTION
Resonance enhanced multi photon ionization (REMPI) is a very sensitive technique for the gas-phase detection of many molecules.
1 With a simple time-of-flight collection scheme, the created ions can be mass selected and counted with near unit efficiency, while background interference can be almost completely suppressed. In addition to providing useful spectroscopic information about neutral molecules and their ions, the REMPI technique can be utilized to determine internal state population distributions. A number of research investigations have exploited this aspect to study the dynamics of gas-gas 2 -4 and gas-surface 5 ,6 scattering processes.
The ability to extract relative state popUlations from REMPI spectra of linear molecules relies heavily on an understanding of the effects of both "intermediate state alignment" and "saturation" on the observed ion signal. In a recent study of 1 + 1 REMPI on the NO A 2,I + -X 2II system, Booth, Bragg, and In 1 + n REMPI, saturation of the resonant step is often a concern, because the cross section of a resonant transition is usually greater than that of a transition to the ion continuum, thus favoring stimulated emission over ionization for depopulation of the intermediate state.
This paper presents both classical and quantum expressions for relating REMPI ion intensities oflinear molecules to ground state populations and alignment. These treatments include the interdependent effects of saturation and intermediate state alignment. The derivation of population information from REMPI spectra is most ideal under situations where there is one-photon resonant excitation followed by one-photon ionization. One-photon processes are more facile than multiple-photon excitations and are less affected by spatial and temporal inhomogeneities in the laser beam profile. One-photon transitions also avoid accidental resonances or near resonances between virtual and real states which often occur in coherent multiphoton transitions giving complicated enhancements and Stark shifts to portions of the spectra. 8 ,9 This paper will thus limit its discussion to 1 + 1 REMPI for the latter reasons, although one may modify the conclusions to treat other m + n systems. In addition, the following refers to the behavior of isolated molecules at low pressures where collision effects as well as the competition between REMPI and nonlinear optical mixing may be neglected. 8 ,9 Ionization will only be treated through a direct mechanism; autoionization can cause enhancements that will impair our ability to extract accurate population information.
An accompanying paperlO applies the theory developed here to the 1 + 1 REMPI of nitric oxide via the resonant NO A 2,I + -X 2II step. The fraction of parallel character in the ionization transition is determined and the dependence of the ion yield on the laser polarization is predicted for an initially aligned ground state.
II. THEORY

A. Saturation
A simple rate equation mode ( Fig. 1) can be employed to describe the 1 + 1 REMPI system. A rate model provides a more convenient description than does a density matrix formalism in cases where ( I) the laser bandwidth is much larger than the naturallinewidth of the resonant transition, (2) the coherence time of the laser is short relative to the Rabi flopping frequency of the resonant transition, or (3) the Rabi flopping frequency is much slower than the rate of ionization. 14.15 These conditions are met in most high intensity pulsed laser systems utilized for REMPI spectroscopy. In addition we are experimentally measuring an average quantity over many shots, where the mode quality of each shot remains undetermined. Again this makes a rate equation description very appealing. Equations (Ia)-( Ic) take account of the processes of resonant excitation (absorption), stimulated emission, spontaneous emission, ionization, and any nonradiative decay from the intermediate state in order to describe the rate of change of the populations in this three-level system: 
where
(4a)
The quantity N2 (t::.t) describes the total number of ions produced by a laser pulse having an intensity I for a duration t::.t. It can be seen that for this simplified pulse shape the ion yield depends only on the area under the pulse, It::.t, and not separately on I and t::.t. Appendix A further demonstrates that within any given pulse shape, the ion yield depends only on the area under the temporal profile of the laser profile. Even in cases of moderate saturation, Appendix A shows that pulses having differing temporal shapes but the same integrated intensity result in ion yields that differ by only a small amount from that given in Eq. (2). Therefore in I + 1 REMPI, a real (nonrectangular) pulse can be approximated as a rectangular pulse having an equivalent integrated laser intensity I t::.t.
B. REMPI transition rate constants: Classical approach
Using Fermi's Golden Rule, the transition probability for a one-photon transition is proportional to <WE)Z where J.L is the transition dipole moment in the molecule-fixed frame and E is the polarization vector in the space-fixed frame. We restrict ourselves to linearly polarized light and define the space-fixed Z axis to be along E. For a linear molecule in the classical limit, J.L can point in two directions: either along the angular momentum vector J for a Q branch (llJ = 0) or in the plane of rotation for a P or R branch
Relation between the space-fixed and the molecular frames. The laser polarization vector is defined to be along the Z axis. The molecule is rotating s~ch that its angular momentum vector points along z. The y axis is shown to he along the transition dipole moment when the latter is located in the plane of rotation, represented by the solid circle.
as for perpendicular transitions c~-n, n-l:o, etc.), all branches are present.
We define the molecule-fixed z axis to be along J. Thus for Q branch transitions, J.L can be represented as a vector along the z axis. When the transition dipole moment lies in the plane of rotation (P and R transitions), we choose the y axis to lie along J.L. It is important to note that we are describing an experimental regime which allows for many nuclear rotations between the time of possible initial alignment of the sample (i.e., preferential directionality of J following a chemical interaction) and the resonant transition, and again between the resonant transition and the ionization step. This effectively randomizes the angle X between each transition. We mathematically represent this randomization by an independent integration of the angle X between each of the two excitation steps. 16 Using the well-known relationship between the spacefixed and molecule-fixed axes, and integrating over the angle X, (WE )2 is proportional to
21T Jo 2 for P and R transitions, and
With the integrated intensity I at expressed in units of energy/cm 2 , the kOI rate constant is a scaled version of the Einstein B coefficient. Using the relationships of Eqs. (5) and (6), we can write the rate constant for the resonant excitation step as (7) for P and R branch members, and and COl contains the wavelength dependence of the resonant transition. We choose to measure integrated peak areas from our spectra and thus COl represents a wavelength averaged proportionality constant,17 which is on the order of C Z /
(81Th"? av 1"), where 1" is the vibration-specific lifetime for the resonant step. In the limit where the laser bandwidth is much larger than the homogeneous linewidth of the transition, av can be approximated as the laser bandwidth.
The ionization step can be thought of in a similar manner as the resonant step. However, since the ionization transition connects to a continuum state, and there is no photoelectron energy resolution in the ion detection scheme, the final total angular momentum Jz remains undetermined. Moreover, the partitioning of J 2 into the orbital, spin, and nuclear rotational components for the ion core as well as the orbital angular momentum and spin components for the departing electron is not known in general. Therefore, for the purposes of measuring total REMPI ion yields, it is unnecessary to decouple the total angular momentum of the ion state into its appropriate components. Instead, we sum over all final total angular momentum states. Thus in theory the (J dependence of the ionization transition need only be specified by its fraction of parallel character (see Appendix B).
For simplicity we use the same P, Q, and R notation as above to indicate a change in total angular momentum for the ionization transition. Classically the branching ratios of P, Q, and R transitions within a parallel or perpendicular electronic transition are as given in Table I . The overall (J dependence of kl2 is the weighted sum over all possible branches:
where u is the cross section for the ionization step, v is the frequency of the ionizing photon, and r is the fraction of parallel character, i.e., the amount of parallel character divided by the sum of parallel and perpendicular character. ( ± 1) of the transition dipole moment on the internuclear axis.
Transition character Branch
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C. Ground state population and alignment: Classical approach
The complete picture of how to relate REMPI line intensities to ground state populations must allow for the possibility of an initially aligned and orientated ground state. For simplicity, we assume that the ground state exhibits cylindrical symmetry. This allows us to write the directionality for the angular momentum distribution only in terms of the projection of the angular momentum onto the symmetry axis, i.e., in terms of a single angle which we label y. For systems which do not have cylindrical symmetry, the y dependence of the angular momentum distribution will exhibit a similar expansion as that within the cylindrical symmetry approximation for a fixed azimuthal orientation of the laser propagation axis relative to the coordinate frame of the aligned system. However the coefficients for the expansion differ in their interpretation. 18 Because this is a two-photon process, where both transitions are sensitive to the alignment of the rotational angular momentum, the overall REMPI probability for linearly polarized light is sensitive to even moments of the alignment distribution as high as the hexadecapole moment. 19 In cases of strong saturation, REMPI may become very weakly sensitive to even higher moments. However, we will expand the ground state alignment distribution only in terms of mono-
2 ), and hexadecapole A 6 4 ) moments:
and (12b) The monopole term A 6°) corresponds to the population in the rotational level J, while the other two terms, A 6 2 ) and A 6 4 ), carry independent information about the alignment.
z' FIG. 3 . Relation between the cylindrical symmetry axis which lies along Z', the laser polarization axis which lies along Z, and the rotational angular momentum vector that coincides with z.
The factor of 2 in the quadrupole term is inserted in compliance with the standard notation introduced by Fano and Macek.
20 A f) can span from -1 to + 2 while A 6 4 ) spans from -3/7 to + 1.
21
Although Eq. (11) expresses the alignment distribution in the frame of cylindrical symmetry, the useful coordinate system is that which is defined around the laser polarization axis in the space-fixed frame. Figure 3 illustrates the relationship between the laser polarization axis which lies along Z, the cylindrical symmetry axis which lies along Z', and the molecular axis of rotation which lies along z. The angles are defined as follows: 0 ' lies between the laser polarization axis Z and the axis of cylindrical symmetry Z " 0 lies between the laser polarization axis and the rotational angular momentum vector z, and </J is the spherical angle between the arcs of o and 0 '. The relationship between these angles can be ex- (O), and N o ( J,O,O ',t = 0) given in Eqs. (7)-(14). The resulting expression is then integrated over all molecular orientations with respect to the polarization vector of the laser beam:
(15) Equation ( 15), which can be readily evaluated numerically, represents the classical expression for the ion signal intensity in 1 + 1 REMPI. It is seen that the ion yield is a function of the integrated intensity I at of the laser pulse and ()' (the angle between the axis of cylindrical symmetry and the laser polarization vector). For the special case of no initial alignment in the ground state, Eq. (15) simplifies to
(16) D. REM PI transition rate constants: Quantum mechanical approach For linearly polarized light the well known !U1 = 0 selection rule applies. In a quantum mechanical approach, we treat the total ionization probability as the sum of probabilities for two independent steps in each M channel: a resonant excitation step and an ionization step.22 First, we calculate the ground state population and the transition rate constants for each M channel; then we account for saturation using Eqs. (2)-(4) .
Within the Born-Oppenheimer framework, a simple wave function can be written to represent a molecular state:
( 17) This describes the electronic, vibrational, and rotational contributions to the overall wave function, where r represents the electronic quantum numbers, and
Here, M and 0 correspond to the projections of the total angular momentum J on the space-fixed laser polarization and molecule fixed internuclear axes, respectively. For the purposes of this calculation we can ignore the parity of the wave function.
The electric dipole approximation for the interaction between the molecule and the semiclassical radiation is of the form
The vector product for polarized light can be written as
Here flo corresponds to the polarization of the photon (i.e., flo = 0 or ± 1 for linear or circular polarizations, respectively) while fl is the projection of the photon)?n the internuclear axis. The Euler angles associated with R relate the spacefixed frame to the molecular-fixed frame. The interaction potential VOl is defined as
rol(fl) = f X~:~('II~I~Il:rjYIJL(rj)I'II~~)X~?~dR, (22) and R is the internuclear distance. The interaction potential '" must be integrated over all possible orientations R and averaged over time:
The rate constant kOI is proportional to the square of the interaction potential where COl is a proportionality constant whose value has been discussed in Sec. II B.
In a similar manner the interaction potential for the ionization transition can be calculated. We will choose to represent the intermediate state as a Hund's case (b) wave function: (25) Here, N I is the angular momentum due to nuclear rotation, J I is the total angular momentum excluding nuclear spin, S is the total electron spin for the system (which is conserved throughout), M and Ms are the projections of J I and S, respectively, on the space-fixed frame, and Al is the projection of N I on the internuclear axis. The final ion state can be represented by any complete basis set, since we will sum over all basis set numbers in the final analysis:
Here N2 is the coupled angular momentum of nuclear rotation and electronic orbital angular momentum for both the ion core and the departing electron and A2 is the projection ofN 2 on the internuclear axis.
The interaction potential V I2 can be written as 1 -,u We are interested in the square of the interaction potential summed over all final states:
When measuring total ions from a REMPI process in which the ion state is not detected, one sums incoherently over ,u, the projection of the photon angular momentum on the internuclear axis (see Appendix B). The rate constant k 12 is proportional to Vi2 ofEq. (28). For simplicity we will define a to be the overall cross section, r to be the fraction of parallel character, and a to be the difference between the,u = ± 1 channels, such that the partial cross sections can be written as 
Here, r spans from 0 to 1 and a from -(1 -r) to (1 -r). 
1 -0 1 where 0 is the projection of J on the internuclear axis. Figure 4 shows the M-dependent transition rate constants in their limiting cases: the resonant transition is characterized by either P, R, or Q branch notation; and the ionization transition is shown for the limiting cases of pure parallel or perpendicular character.
The parameters, a and r (and a for low I transitions), FIG. 4 . The M-dependent rate constants are shown for transitions originating from the J = 14.5 rotational level of the ground state. In (a) the resonant rate constant kOI (M) is shown for the two different branch types (P-R and Q), while in (b) the ionization rate constant k J2 (M) is illustrated for the two limiting cases of pure parallel and pure perpendicular character.
are sometimes estimated through ab initio calculations or determined experimentally. Excited state lifetimes for most resonant transitions have been measured; however, ionization transitions are more illusive. In the common limit where k12<kol the 1 + 1 REMPI relative ion yields are more dependent on the fraction of parallel character than they are on the absolute magnitude of the ionization cross section. This is because the fraction of parallel character predicts the shape of the k I2 (M) distribution, while, in the limit where k I2 <k o1 , the magnitude of the overall ionization cross section only slightly changes the depletion rate of the intermediate state population and thus has little effect on the degree of saturation.
E. Ground state population and alignment: Quantum mechanical approactl
Similar to the classical model for ground state alignment, we expand the ground state M' population distribution in terms of monopole A 6°), quadrupole A 6 2 ), and hexadecapole A 6 4 ) terms as defined in the primed cylindrically symmetric frame. This can be expressed as an operator N~ :
Note that Eq. (32) is the quantum mechanical analog ofEq.
(11). The population in state IJ,M') is equivalentto the expectation value of the operator N~ in the state IJ,M'):
Assume the laser polarization axis Z makes an arbitrary angle, characterized by the Euler angles (r/J',O ',X'), to the axis of cylindrical symmetry Z '. The laser acts on the molecules in accordance with their quantization in the laser frame. The eigenvectors in the laser frame are related to those in the cylindrical symmetry frame through a rotational transformation 23: 
The population in state IJ,M) of the rotated laser frame is equivalent to the expectation value of the operator No on the state IJ,M). Thus
(32) Substitution ofEq. (32) into Eq. (35) gives (M) [Eqs. (24) and (30)], we can solve the saturation equation [Eq. (2)] for each individual M channel. The total ion yield is just the sum over the ion yields resulting from each M channel:
For a system having no initial alignment in the ground state, the total ion yield becomes
F. Loss of ground state alignment Information
It is worthwhile at this point to mention some of the limitations in measuring ground state alignment. As has been outlined in this paper, saturation does indeed have an effect on the overall M-dependent transition rates. Higher laser powers will in general destroy the overall amount of alignment information that can be obtained, because the effective k OI (M) distribution flattens out with saturation. This is demonstrated elsewhere. 10 Two other effects that actually randomize ground state alignment are hyperfine depolarization and magnetic precession.
Hyperfine depolarization only applies to systems with nonzero nuclear spin I, for which the hyperfine structure is spectrally unresolved. It is due to the precession of J about the true quantum vector F, since only total angular momentum is conserved. The precession frequency is on the order of the hyperfine splitting. If this precession is fast relative to the time difference between initial alignment and absorption, then the ground state magnetic sublevel distribution will be somewhat scrambled. The fraction of alignment information remaining in the k th moment of the ground state distribution has been shown to be 20 • 24
For J>I the effect is negligible, and g(k) approaches unity. Only for cases of very strong hyperfine coupling in the intermediate state, where the period of precession is fast compared to the laser pulse width, will the intermediate state also be scrambled. Magnetic precession occurs in the presence of an external magnetic field (the Earth's field, fields from heater filaments, etc.) with molecules having a permanent magnetic moment. The magnetic field defines the quantization axis about which the molecule will precess. The precession frequency is defined to be
J(J+ n for Hund's case (a), and
for Hund's case (b), where H is the magnetic field strength and M is defined as the projection of angular momentum along the magnetic field axis. 25 If the period of precession for the intermediate state is far less than the duration of the laser pUlse, then quantum beats or coherences between the resonant transition and ionization are not of concern. However if the period of precession for the ground state is much greater than the time between initial alignment and absorption, then the polarization information obtained by REMPI will be altered in the following manner:
Let us define the angle between the cylindrical symmetry axis and the magnetic field direction as f) " and redefine the angle f) , to be the angle between the magnetic field vector and the plane of polarization. Then in a quantum mechanical derivation similar to that ofEq. (35), we find
Equation (42) can be expanded as
Note that in the special cases where the magnetic field vector points in the same direction as the axis of cylindrical symmetry 
In order to write No (J,f),f) ',f)",t = 0) explicitly, Eqs.
(44a) and (44b) are substituted into Eqs. (12a) and (12b) which in tum are substituted into Eq. (11). Equation (11) defines the population of the probed system for molecules having angular momentum vectors at an angle f) to the laser polarization axis.
III. COMPARISON OF CLASSICAL AND QUANTUM MECHANICAL APPROACHES
This paper has derived mathematical expressions to relate 1 + 1 REMPI ion intensities to ground state populadons and alignment factors, through the inclusion of the interdependent effects of saturation and intermediate state alignment. Both classical and quantum mechanical treatments were pursued. It is useful at this point to comment on the appropriate regimes for these approaches. Let us choose a theoretical system in order to make an appropriate comparison. One commonly encountered REMfI system is that of a one-photon I II_I ~ resonant transition followed by a one-photon ionization transition. Let us assume that k OI >k12 and indicate the degree of resonant saturation by the dimensionless product kol At.
26 Calcula- (la)-( lc) 1 readily tractable. However this form is a poor approximation to realistic pulse shapes. Nevertheless, we show here that the important parameter in determining the value of N2 (Ilt) is not the shape of the pulse but its integrated intensity (fluence), which for a rectangular pulse shape is simply lilt. Moreover pulses having different shapes but the same integrated intensity produce approximately the same ion yields.
The rate equations shown in Eqs. (la)-( lc) may be written in the form
wherej = 1, 2, or 3, and the function fj (t) does not depend explicitly on the instantaneous intensity. It follows that
where 5( is a small increment of time. It is useful to regard an arbitrary pulse of instantaneous intensity l(t) and duration r as composed of a succession of N rectangular pulses in which the ith pulse has a height l(ir/N) and a width 5( = r / N. In the limit as N becomes large, this approximation becomes exact for physically reasonable pulse shapes. The index i runs from 1 to N and the integrated intensity is approximately given by
According to Eq. (A2) the population in levelj after the ith pulse is given by
where we replaced the time increment Dr by r IN. Hence each successive rectangular pulse adds to the previous sum a quantity:
Suppose the arbitrary pulse is rescaled so that its instantaneous intensity is multiplied by the factor c while its duration is divided by the factor c. 
where the increments of time are c times smaller than the unscaled pulse (i.e., r'IN = rlcN). We conclude that M;
is equivalent to IlN j provided that F; (ir' IN) for the scaled pulse is equivalent to fj (ir I N) for the original pulse. But the function Fj depends only on the rate constants and the instantaneous populations of the three levels. Under the same initial conditions, the population after the first rectangular pulse of the pulse train will be the same for both pulses. As successive pulses act on the system, the population will be changed by the same amount for both pulse profiles at each value of the index i. Therefore the final ion yield, N2 ( r), is the same for all pulses having the same pulse form and same integrated intensity. Next we consider the ion yield resulting from two pulses having the same integrated intensity but different pulse forms. We compare numerically the value of N2 ( r) resulting from a Gaussian pulse with that from a rectangular pulse having the same integrated intensity lilt. We take kOl~k12' as is commonly the case. Even in saturation regimes where kolllt = 4 or 10, we find that the ion yields resulting from the two different pulse shapes with the same integrated intensity differ by less than 5% and 10%, respectively. Thus for much practical work in 1 + 1 REMPI, it appears justified to replace the actual pulse shape by a rectangular pulse having the same integrated intensity. This is an important simplification because in many laser systems the detailed pulse form varies from shot to shot.
APPENDIX B: CONNECTION WITH ANGULAR MOMENTUM TRANSFER FORMALISM
In the photoionization step the photoelectron is conveniently described as an expansion in terms of partial waves. This description allows for interference between the indistinguishable pathways of ionization leading to a given ion state. These interference terms are well known and account for the form of the photoelectron angular distribution. However, we desire to find an expression for the total ion yield when the molecular ion final state as well as the photoelectron energy and angular distribution are not measured. We show that interference terms between the continuum channels do not change the expression for k I2 (M) given by Eq. (30), i.e., the k 12 (M) distribution can be completely described in terms of the parallel (aA = 0) and perpendicular (aA = ± 1) characters of the bound-to-free transition.
Our starting point is the expression adapted from Eq. depends on I and A and the photoelectron has a momentum Ikl and a direction k. In Eq. (Bl), rl (fl) is the radial integral of the electric dipole moment. It is integrated over electron coordinates and internuclear distance. The bound-free rate constant k 12 (M) is proportional to the square of V 12 integrated over the photoelectron energy and angular distribution. In what follows we show that when we square and integrate V I2 in Eq. (BI) the resulting expression can be put into a form similar to Eq. (28).
We concentrate on the product of the four 3-j symbols appearing in Eq. (Bl). We introduce the identities: 
We recouple the photoelectron orbital angular momentum I with the molecular ion angular momentum N+ to form the resultant N 2 • Using similar identities to reverse our steps we find that 
